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1. Introduction
We say that a complex projective manifold X is Fano if its anticanonical divisor is ample. Rational
curves on Fano manifolds have been studied by several authors. For instance, J. Kollár, Y. Miyaoka and
S. Mori proved the following:
Theorem 1.1. (See [15,17].) For a Fano n-fold of Picard number ρ = 1, two general points can be connected by
a smooth rational curve whose anticanonical degree is at most n(n + 1).
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is asymptotically n
2
4 . As a consequence of Theorem 1.1, we know the n-dimensional Fano manifolds
of ρ = 1 form a bounded family. In this direction, J.M. Hwang and S. Kebekus studied the minimal
length of chains of minimal rational curves needed to join two general points [9]. In the previous
article [20], we computed the minimal length in some cases. For example, we dealt with the case
where the dimension of X is at most 5. As a corollary, we provided a better bound on the degree of
Fano 5-folds of ρ = 1.
Let X be a Fano n-fold of ρ = 1, RatCurvesn(X) the normalization of the space of rational curves
on X (see [14, II. Deﬁnition-Proposition 2.11]) and K a minimal rational component, which is a dom-
inating irreducible component of RatCurvesn(X) whose anticanonical degree is minimal among such
families. As in [9, Assumption 2.1], assume that for general x ∈ X ,
(i) Kx := {[C] ∈ K | x ∈ C} is irreducible, and
(ii) p := dimKx > 0.
Remark that all known examples with p > 0 satisfy the ﬁrst condition [9, Remark 2.2]. Furthermore
if p = 0, our problem dealing in this paper is easy (see Remark 2.12 and [9, Remark 2.2]).
We denote by lK the minimal length of chains of general K -curves needed to join two general
points (for a precise deﬁnition, refer to Deﬁnition 2.11). In this paper, we give a sharp bound of the
length lK by a fundamental argument under the mild assumptions (i) and (ii). Our main result is
Theorem 1.2. Let X be a Fano n-fold of ρ = 1 and K a minimal rational component of X such that Kx is
irreducible of dimension p > 0 for general x ∈ X. Then we have
⌊
n − 1
p + 1
⌋
+ 1 lK 
⌊
n − p
2
⌋
+ 1,
where d is the largest integer  d.
Remark that the lower bound comes from [9, Proposition 2.4] (see Proposition 2.10) directly. Our
main contribution is to establish the sharp upper bound. As a byproduct, applying the argument of
[15, Proof of Theorem Step 3, Corollary 1], this theorem implies the following:
Corollary 1.3. Let X be a Fano manifold as in Theorem 1.2. Then the following holds.
(i) Two general points on X can be connected by a smooth rational curve whose anticanonical degree is at
most (p + 2)(n−p2  + 1) (n+3)
2
8 .
(ii) (−KX )n  {(p + 2)(n−p2  + 1)}n  { (n+3)
2
8 }n, where −KX stands for the anticanonical divisor of X .
This paper is organized as follows: In Section 2, we give a precise deﬁnition of the length of chains
of minimal rational curves. In Section 3, we give a proof of our main theorem via a fundamental
approach. In Section 4, we investigate Fano manifolds whose varieties of minimal rational tangents have
low-dimensional secant varieties. In Section 5, we study the lengths of Fano manifolds of dimension
 7 by applying some previous results. In this paper, we work over the complex number ﬁeld.
2. Deﬁnition of length
Deﬁnition 2.1.
(i) By a variety, we mean an integral separated scheme of ﬁnite type over the complex number ﬁeld.
We call a 1-dimensional proper variety a curve. A manifold means a smooth variety.
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if f ∗T X is semipositive, where T X stands for the tangent bundle of X .
(iii) For a projective variety X and a rational curve C on X , C is K -curve if [C] is contained in a
subset K ⊂ RatCurvesn(X).
(iv) For a projective variety X and an irreducible component K of RatCurvesn(X), K is a dominating
family if for a general point x ∈ X there exists a Kx-curve.
(v) For a Fano manifold X , a minimal rational component means a dominating irreducible component
of RatCurvesn(X) whose anticanonical degree is minimal among such families.
(vi) For a vector space V , P(V ) denotes the projective space of lines through the origin in V .
Except Theorem 2.3 and Lemma 2.7, we always assume the following throughout this section.
Notation-Assumptions 2.2. Let X be a Fano n-fold of ρ = 1, K a minimal rational component of X
such that for general x ∈ X ,
(i) Kx := {[C] ∈ K | x ∈ C} is irreducible, and
(ii) p := dimKx > 0.
Notice that p does not depend on the choice of a minimal rational component K . It is a signiﬁ-
cant invariant of X .
Let π : U → K and ι : U → X be the associated universal morphisms. Remark that π is a P1-
bundle in the sense of [14, II. Deﬁnition 2.5], that is, smooth, proper and for every z ∈ K the ﬁber
π−1(z) is a rational curve [14, II. Corollary 2.12].
Theorem 2.3. (See [13, Theorem 3.3].) Let X be a normal projective variety and K ⊂ RatCurvesn(X) a dom-
inating family of rational curves of minimal degrees. Then, for a general point x ∈ X, there are only ﬁnitely
many Kx-curves which are singular at x.
Remark 2.4. The original statement of Theorem 2.3 is proved under much weaker assumptions. For
details, see [13, Theorem 3.3].
Let X and K be as in Notation-Assumptions 2.2. From Theorem 2.3 and a well-known argument
similar to the one used in the proof of [14, II. Theorem 3.11], we know there exists a non-empty open
subset X0 ⊂ X satisfying
(i) any K -curve meeting X0 is free, and
(ii) for any x ∈ X0, there are only ﬁnitely many Kx-curves which are singular at x.
Here K 0 := π(ι−1(X0)) ⊂ K and U 0 := π−1(K 0) ⊂ U are open subsets. Then we have the
universal family of K 0, that is, π0 := π |U 0 : U 0 → K 0 and ι0 := ι|U 0 : U 0 → X . Since any K 0-
curve is free, ι0 : U 0 → X is smooth (see [14, II. Theorem 2.15, Corollary 3.5.3]).
Lemma 2.5. For general x ∈ X0 , ι0−1(x) is irreducible.
Proof. For a general point x ∈ X0, we have a surjective morphism π : ι0−1(x) → Kx . The smoothness
of ι0 : U 0 → X implies that ι0−1(x) is equidimensional. Since Kx is irreducible of positive dimension
and there are only ﬁnitely many Kx-curves which are singular at x, ι0−1(x) is irreducible. 
Replacing X0 with a smaller open subset of X , we may assume
(iii) for any x ∈ X0, ι0−1(x) is irreducible.
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(i) V 0x := {x}, and
(ii) Vm+1x := ι0(π0−1(π0(ι0−1(Vmx ∩ X0)))).
Lemma 2.7. Let f : X → Y be a ﬂat morphism between varieties with irreducible ﬁbers and W an irreducible
constructible subset of Y . Then f −1(W ) is irreducible.
Proof. This is a well-known fact. For instance, see [4, Lemma 5.3]. 
Let consider Wmx := ι0−1(Vmx ∩ X0) and W˜mx := π0−1(π0(ι0−1(Vmx ∩ X0))).
Lemma 2.8. For general x ∈ X0 , the following holds.
(i) Vmx , W
m
x and W˜
m
x are irreducible constructible subsets.
(ii) If dim Vmx = dim Vm+1x , we have dim Vmx = n.
(iii) If dim Vmx < n, we have dimW
m
x = dim Vmx + p and dim W˜mx = dim Vmx + p + 1.
Proof. (i) We prove by induction on m. When m = 0, V 0x = {x} is irreducible. Assume that Vmx is
irreducible. Remark that ι0 : U 0 → X and π0 : U 0 → K 0 are ﬂat. Since ι0−1(x) is irreducible for
any x ∈ X0, we know Wmx and W˜mx are irreducible from Lemma 2.7. Because Vm+1x = ι0(W˜mx ), Vm+1x
is also irreducible. Hence (i) holds.
(ii) This is in [15]. For the reader’s convenience, we recall their proof. First assume that there exists
a rational curve [C] ∈ K 0 which is not contained in Vmx satisfying C ∩ (Vmx ∩ X0) 	= ∅. Then Vmx is
a proper subset of Vm+1x . This implies that dim Vmx < dim Vm+1x . Hence, if dim Vmx = dim Vm+1x , every
K 0-curve meeting Vmx ∩ X0 is contained in Vmx . Assume that dim Vmx = dim Vm+1x for general x ∈ X .
Let q be the codimension of Vmx in X and T ⊂ X0 a suﬃciently general (q−1)-dimensional subvariety.
Denote
⋃
x∈T (Vmx ∩ X0) by H0 and its closure by H . Since the Picard number of X is 1, H is an ample
divisor on X . A general member [C] ∈ K 0 is not contained in H . So we have C ∩ H0 = ∅. On the
other hand, we see that C ∩ (H \ H0) = ∅. This follows from [14, II. Proposition 3.7]. It concludes that
C ∩ H is empty. However this contradicts the ampleness of H .
(iii) Since ι0 : U 0 → X is ﬂat, Wmx → Vmx ∩ X0 is a ﬂat morphism with irreducible ﬁbers. This
implies that dimWmx = dim Vmx + p. Since π0 : U 0 → K 0 is a P1-bundle, dim W˜mx = dimWmx or
dimWmx + 1. If the former equality holds, we have Wmx ∩ W˜mx = W˜mx in U 0. Here, for a subset
A ⊂ U 0, denote by A the closure of A in U 0. Furthermore we see that
ι0
(
W˜mx
)= ι0(Wmx ∩ W˜mx )⊂ ι0(Wmx )∩ ι0(W˜mx )⊂ ι0(W˜mx ).
This yields that ι0(W˜mx ) = ι0(Wmx ) ∩ ι0(W˜mx ). Hence ι0(W˜mx ) = ι0(Wmx ). This concludes that
dim Vm+1x = dim ι0(W˜mx ) = dim ι0(Wmx ) = dim Vmx . This contradicts the assumption dim Vmx < n. Thus
we have dim W˜mx = dimWmx + 1 = dim Vmx + p + 1. 
Deﬁnition 2.9. For general x ∈ X0, we denote the dimension of Vmx by dm . This deﬁnition does not
depend on the choice of general x ∈ X0.
Proposition 2.10. (See [9, Proposition 2.4].)
(i) d1 = p + 1, and
(ii) dm+1  dm + p + 1.
Proof. The ﬁrst part is derived from Mori’s Bend-and-Break and the properness of Kx . Hence the
second is trivial. 
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dm = n and dm−1 < n. We denote such m by lK and call length with respect to K .
Remark 2.12.
(i) From Lemma 2.8(ii), we have lK  n.
(ii) When p = 0, we know lK = n from the above (i) and Proposition 2.10. In this case, it is easy to
see that this holds without the assumption of the irreducibility of Kx .
3. Main Theorem
Continuously, we always work under Assumptions 2.2 and use notation as in the previous section.
Proposition 3.1. Let X and K be as in the Notation-Assumptions 2.2. If dm+1 = dm + 1, we have dm+1 = n.
Proof. We have W˜mx ∩ ι−10 (X0) ⊂ Wm+1x ⊂ ˜Wm+1x . Furthermore we know dim W˜mx = dm + p + 1 and
dimWm+1x = dm+1 + p = dm + p + 1 from Lemma 2.8(iii) and our assumption. For a subset A ⊂ U 0,
denote by A the closure of A in U 0. We see that W˜mx ∩ ι−10 (X0) ∩ Wm+1x = Wm+1x . Hence we have
˜Wm+1x = π−10
(
π0
(
Wm+1x
))= π−10 (π0((W˜mx ∩ ι−10 (X0))∩ Wm+1x ))
⊂ π−10
(
π0
(
W˜mx ∩ ι−10
(
X0
))∩ π0(Wm+1x ))
= π−10
(
π0
(
W˜mx ∩ ι−10
(
X0
)))∩ π−10 (π0(Wm+1x ))
= π−10
(
π0
(
W˜mx ∩ ι−10
(
X0
)))∩ ˜Wm+1x .
Here the last equality holds because π0 is an open morphism. Moreover we see that π
−1
0 (π0(W˜
m
x ∩
ι−10 (X0))) ⊂ W˜mx . Therefore we have ˜Wm+1x ⊂ W˜mx . This implies that W˜mx = ˜Wm+1x . Hence we ob-
tain that dim W˜mx = dim ˜Wm+1x . Thus we see dm+1 = dm+2. As a consequence, we have dm+1 = n by
Lemma 2.8(ii). 
Proof of Theorem 1.2. Obviously, it follows from the deﬁnition that dlK = n. Propositions 2.10 and
3.1 imply that
(p + 1) + 2(m − 1) dm m(p + 1) form < lK .
When dm = (p + 1) + 2(m− 1) for any m < lK , we have n = dlK = (p + 1) + 2(lK − 1) or (p + 1) +
2(lK −2)+1. In this case, lK = n−p2 +1. On the other hand, when dm =m(p+1) for any m < lK ,
we have n = dlK = (lK − 1)(p + 1) + k for 1 k  p + 1. In this case, lK =  n−1p+1  + 1. Hence our
assertion holds. 
Corollary 3.2. Let X and K be as in Notation-Assumptions 2.2. lK is equal to  n−1p+1  + 1 = n−p2  + 1 if
and only if one of the following holds:
(i) n − 3 p  n− 1,
(ii) p = 1, or
(iii) (n, p) = (7,2).
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tion. 
4. Varieties of minimal rational tangents and their secant varieties
4.1. Basic facts of varieties of minimal rational tangents
Assume that X is a Fano n-fold of ρ = 1 (or more generally, a uniruled manifold) and K a
minimal rational component of X such that p = dimKx for general x ∈ X . It is not necessary to
suppose Assumptions 2.2. Denote by K˜x the normalization of Kx . Then it is known that K˜x is
smooth for general x ∈ X (see [7, Theorem 1.3]). For a general point x ∈ X , we deﬁne the tangent
map τx : K˜x → P(Tx X) by assigning the tangent vector at x to each member of K˜x which is smooth
at x. The regularity of τx follows from [13, Theorem 3.4]. We denote by Cx ⊂ P(Tx X) the image
of τx , which is called the variety of minimal rational tangents at x. Let P(Wx) be the linear span of
Cx ⊂ P(Tx X) and W the distribution deﬁned by Wx for general x ∈ X (see [7, Section 2]). Hwang’s
survey [7] is a standard reference on varieties of minimal rational tangents.
Theorem 4.1. (See [11, Theorem 1], [13, Theorem 3.4].) Let X be a Fano manifold (or more generally, a uniruled
manifold). Then the tangent map τx : K˜x → Cx ⊂ P(Tx X) is the normalization.
Theorem 4.2. (See [3,12].) Let X be a Fano n-fold (or more generally, a uniruled n-fold). If p = n − 1, namely
Cx = P(Tx X), then X is isomorphic to Pn.
Theorem 4.3. (See [5].) Let X be a Fano n-fold of ρ = 1. Let S = G/P be a rational homogeneous variety
corresponding to a long simple root and Co ⊂ P(To S) the variety of minimal rational tangents at a reference
point o ∈ S. Assume Co ⊂ P(To S) and Cx ⊂ P(Tx X) are isomorphic as projective subvarieties. Then X is
isomorphic to S.
Corollary 4.4. Let X be a Fano n-fold of ρ = 1. If Cx ⊂ P(Tx X) is projectively equivalent to the Veronese sur-
face v2(P2) ⊂ P5 , X is the 6-dimensional Lagrangian Grassmann LG(3,6) which parametrizes 3-dimensional
isotropic subspaces of a symplectic vector space C6 .
Proof. LG(3,6) is the rational homogeneous variety corresponding to the unique long simple root of
the Dynkin diagram C3. Furthermore the variety of minimal rational tangents of LG(3,6) at a general
point is projectively equivalent to v2(P2) (for example, see [10, Proposition 1]). Hence Theorem 4.3
implies that X is isomorphic to LG(3,6). 
Theorem 4.5. (See [16].) Let X be a Fano n-fold of ρ = 1. If n 3, the following are equivalent.
(i) X is isomorphic to a smooth quadric hypersurface Q n.
(ii) The minimal value of the anticanonical degree of rational curves passing through a general point x0 ∈ X
is equal to n.
Corollary 4.6. Let X be a Fano n-fold of ρ = 1. If p = n − 2 1, namely Cx ⊂ P(Tx X) is a hypersurface, X is
isomorphic to Q n.
Proof. From our assumption p = n − 2, X is covered by rational curves of anticanonical degree  n.
However ﬁnitely many families of rational curves of anticanonical degree < n cannot be dominating
under the assumption p = n − 2. Therefore X is isomorphic to Q n by Theorem 4.5. 
Proposition 4.7. (See [8, Proposition 5].) Let X be a Fano n-fold of ρ = 1. Then Cx ⊂ P(Tx X) cannot be a
linear subspace except Cx = P(Tx X).
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If Cx ⊂ P(Wx) is an irreducible hypersurface for general x ∈ X, W ⊂ T X is integrable.
Proposition 4.9. (See [6, Proposition 2].) Let X be a Fano n-fold of ρ = 1. W is integrable if and only if Wx
coincides with Tx X for general x ∈ X.
Proposition 4.10. (Cf. [7, Proposition 2.4 and 2.6].) Let X be a Fano n-fold of ρ = 1. Assume thatCx is smooth
and irreducible. If 2(p + 1) > dimWx holds, W ⊂ T X is integrable.
4.2. Secant variety
Deﬁnition 4.11. For varieties Z1, Z2 ⊂ PN , we deﬁne the join S(Z1, Z2) ⊂ PN by the closure of the
union of lines connecting two distinct points x1 ∈ Z1 and x2 ∈ Z2. In the special case that Z = Z1 = Z2,
SZ := S(Z , Z) is called the secant variety of Z .
Proposition 4.12. (See [18, Corollary 2.3.7], [19].) Let Z ⊂ PN be an irreducible nondegenerate variety of
dimension n 2. Assume that dim SZ = n+ 2 < N. Then Z is projectively equivalent to one of the following:
(i) Z ⊂ PN is a cone over a curve, or
(ii) Z ⊂ Pn+3 is a cone over the Veronese surface v2(P2) ⊂ P5 (when n = 2, then Z = v2(P2) ⊂ P5).
Lemma 4.13. (See [1, Lemma 4.3].) Let Z ⊂ PN be an irreducible cone whose normalization is smooth. Then
Z ⊂ PN is a linear space.
4.3. Varieties of minimal rational tangents admitting low-dimensional secant varieties
Proposition 4.14. Let X and K be as in Notation-Assumptions 2.2. Denote by Cx the variety of minimal
rational tangents at a general point x ∈ X.
(i) If dim SCx = p for general x ∈ X, then X = Pn.
(ii) If dim SCx = p + 1 for general x ∈ X, then X = Q n.
Proof. (i) Assume dim SCx = p for general x ∈ X . Then Cx = SCx ⊂ P(Tx X) is linear. Proposition 4.7
implies that Cx = P(Tx X). Hence we have p = n − 1. By Theorem 4.2, we see X is isomorphic to Pn .
(ii) Assume dim SCx = p+1 for general x ∈ X . Then, for z ∈ SCx \Cx , S(z,Cx) coincides with SCx .
So we see S(z, SCx) = S(z, S(z,Cx)) = S(z,Cx) = SCx . This implies that SCx is a (p+1)-dimensional
linear subspace. Thus we see Cx ⊂ P(Wx) = SCx is an irreducible hypersurface for general x ∈ X .
From Proposition 4.8, W ⊂ T X is integrable. However Proposition 4.9 implies that Wx coincides with
Tx X for general x ∈ X . Therefore we have p = n − 2. It follows that X is isomorphic to Q n from
Corollary 4.6. 
Proposition 4.15. Under the same assumption as in Proposition 4.14, if dim SCx = p + 2 for general x ∈ X,
then one of the following holds:
(i) p = 1,
(ii) p = n− 3,
(iii) X is the Lagrangian Grassmann LG(3,6),
(iv) Cx is the Veronese surface in its linear span P(Wx) = P5 and n > 6, or
(v) Cx is a degenerate singular variety satisfying SCx = Pp+2 .
Proof. Suppose that (i), (ii) and (iii) do not hold. Then it is enough to show that either (iv) or (v)
hold.
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Lemma 4.13, Cx is projectively equivalent to the Veronese surface v2(P2). If Cx ⊂ P(Tx X) is nonde-
generate, X is isomorphic to the Lagrangian Grassmann LG(3,6) by Corollary 4.4. It contradicts our
assumption. Hence Cx is degenerate.
Second assume that SCx = P(Wx). Note that Wx does not coincide with Tx X because p is not
n − 3 by our assumption. Hence Cx ⊂ P(Tx X) is degenerate. Here we have 2(p + 1) > dimWx . If Cx
is smooth, Proposition 4.10 implies that the distribution W ⊂ T X is integrable. Furthermore we see
Wx = Tx X by Proposition 4.9. It is a contradiction. Thus Cx is singular. 
5. Low-dimensional case
Let X be a Fano n-fold of ρ = 1, K a minimal rational component of X satisfying Notation-
Assumptions 2.2. We use the notation introduced in Section 2.
Theorem 5.1. (See [9, Theorem 3.12].) d2  dim SCx + 1.
Lemma 5.2. If lK = n−p2  + 1, we have dim SCx  p + 3. Moreover if dim SCx = p + 3, then n and p + 1
are congruent modulo 2.
Proof. Suppose that lK = n−p2  + 1 holds. According to Proposition 3.1, we know d2 + 2(lK − 3) +
1 dlK = n. Hence we have d2  n−2lK +5 = n−2n−p2 +3. The right-hand side is equal to p+3
or p + 4. Furthermore if it is p + 4, then n and p + 1 are congruent modulo 2. Consequently, our
assertion follows from Theorem 5.1. 
From Theorem 1.2 (cf. Corollary 3.2) and Remark 2.12(ii), we can compute the length lK in the
case n 7. In fact, we obtain the following table:
n p lK n p lK n p lK n p lK n p lK
3 2 1 4 3 1 5 4 1 6 5 1 7 6 1
3 1 2 4 2 2 5 3 2 6 4 2 7 5 2
3 0 3 4 1 2 5 2 2 6 3 2 7 4 2
4 0 4 5 1 3 6 2 2 or 3 7 3 2 or 3
5 0 5 6 1 3 7 2 3
6 0 6 7 1 4
7 0 7
Here we assume the irreducibility of Kx if p  1. However lK = n holds without the assumption
of the irreducibility of Kx if p = 0. From this table, we see the length lK depends only on the pair
n and p in the case n  5. However it does not hold when n  6. In fact, we have the following
examples.
Example 5.3.
(i) A 6-dimensional smooth hypersurface of degree 4 satisﬁes (n, p, lK ) = (6,2,2).
(ii) The Lagrangian Grassmann LG(3,6) satisﬁes (n, p, lK ) = (6,2,3).
Proof. See [9, Proposition 6.2, Corollary 6.6]. 
Here we study the structure of X when (n, p, lK ) = (6,2,3) and (7,3,3).
Proposition 5.4.When (n, p, lK ) = (6,2,3), one of the following holds:
(i) X = LG(3,6), or
(ii) Cx ⊂ P(Tx X) is a degenerate singular surface satisfying SCx = P4 .
232 K. Watanabe / Journal of Algebra 337 (2011) 224–232Proof. From Lemma 5.2, we have dim SCx  4. Hence our assertion is derived from Propositions 4.14
and 4.15. 
The same argument implies the following:
Proposition 5.5. When (n, p, lK ) = (7,3,3), then Cx ⊂ P(Tx X) is a degenerate singular 3-fold satisfying
SCx = P5 .
Remark 5.6. In general, it is believed that any variety of minimal rational tangents Cx at a general
point is smooth.
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